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SYMMETRY REDUCTIONS AND EXACT SOLUTIONS OF LAX INTEGRABLE
3-DIMENSIONAL SYSTEMS
H. BARAN, I.S. KRASIL′SHCHIK, O.I. MOROZOV, AND P. VOJCˇA´K
Abstract. We present a complete description of 2-dimensional equations that arise as symmetry reductions
of fourf 3-dimensional Lax-integrable equations: (1) the universal hierarchy equation uyy = uzuxy − uyuxz ;
(2) the 3D rdDym equation uty = uxuxy−uyuxx; (3) The basic Veronese web equation uty = utuxy−uyutx;
(4) Pavlov’s equation uyy = utx + uyuxx − uxuxy.
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Introduction
We consider the four 3-dimensional Lax-integrable1 equations:
• the universal hierarchy equation (Section 2)
uyy = uzuxy − uyuxz, (1)
see [11].
• the 3D rdDym equation (Section 3)
uty = uxuxy − uyuxx, (2)
see [2, 13, 16].
• the basic Veronese web equation (Section 4)
uty = utuxy − uyutx, (3)
see [1, 5, 7, 14].
• Pavlov’s equation (Section 5)
uyy = utx + uyuxx − uxuxy, (4)
see [4, 15].
Some of these equations arise also in [6] as integrable hydrodynamic reductions of multi-dimensional disper-
sionless PDEs.
All the above listed equations may be obtained as the symmetry reductions of the following Lax-integrable
4-dimensional systems:
uyz = utx + uxuxy − uyuxx
and
uty = uzuxy − uyuxz
introduced in [6] and [11], respectively, while the latter two, in turn, are the reductions of
uyz = uts + usuxz − uzuxs.
Here we give a complete answer to a natural question: what 2-dimensional equations are the reductions of
the 3-dimensional ones? The result comprises 32 equations of which
• sixteen can be solved explicitly,
• one reduces to the Riccati equation,
• five can be linearized by the Legendre transformation,
• while the rest ten are ‘nontrivial’.
The latter are presented in Table 1 (in the third column, we exemplify the simplest relations). The first two of
these equations can be transformed to the Liouville equation and the Gibbons-Tsarev equation, respectively.
The other eight, to our strong opinion, may possess interesting integrability properties and we plan to study
them in the nearest future. More detailed, but concise, infomation on the reductions may be also found in
Reduction of Eq. Relations with the initial equation
2Φ = ΦΦxz − ΦxΦz , (1) u =
Φ(x, z)
y
,
Φξξ = (ξ + Φξ)Φηη −ΦηΦξη − 2, (4) u = Φ(ξ, η) + t
2
ξ − 2tη, ξ = y, η = x+ ty,
Φξξ = ΦxΦξ − ΦΦxξ , (1) u = Φ(x, ξ)e
−z
, ξ = ye−z,
(1 + ξΦz)Φξξ − ξΦξΦξz + ΦξΦz = 0, (1) u = Φ(z, ξ)e
−x
, ξ = ye−x,
ΦηΦξη − ΦξΦηη = e
ηΦξξ , (1) u = Φ(ξ, η)e
−x
, ξ = ye−z, η = x− z,
(ξ + Φξ)Φξy − Φy(Φξξ + 2) = 0, (2) u = Φ(ξ, y)e
2t
, ξ = xet,
Φξt = 4ΦΦξ − ξΦ
2
ξ + 2ξΦΦξξ , (2) u = Φ(ξ, t)x
2
, ξ = xe−y,
Φηη + (ξ + Φη)Φξη = Φη(2 + Φξξ), (2) u = Φ(ξ, η)e
2t
, ξ = xe−t, η = y − t,
(4ξ2 − 3Φ)Φξξ − Φξt − 6ξΦξ + Φ
2
ξ + 6Φ = 0, (4) u = Φ(ξ, y)y
3
, ξ =
x
y2
,
Φξξ = (ξ − Φη)Φξη + (2η +Φξ)Φηη − Φη = 0, (4) u = Φ(ξ, η)e
−3t
, ξ = yeβt, η = xe2t
Table 1. ‘Nontrivial’ reductions
1We say that an equation is Lax-integrable if it admits a zero-curvature representation with a non-removable parameter.
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Table 6.
In Section 1, we briefly expose necessary preliminaries (see, e.g., [10]). In Section 6, we present the obtained
results in a concise form.
1. Preliminaries
Let E be a differential equation given by
F
(
x, . . . ,
∂|σ|u
∂xσ
, . . .
)
= 0, (5)
where u(x) is the unknown function in the variables x = (x1, . . . , xn). A symmetry of E is a function ϕ =
ϕ(x, . . . , uσ, . . . ) in the jet variables uσ, σ being a multi-index, u∅ = u, that satisfies the linearized equation
ℓE (ϕ) ≡
∑
σ
∂F
∂uσ
Dσ(ϕ) = 0, (6)
where Dσ = Di1 ◦ · · · ◦Dik for σ = i1 . . . ik, while
Di =
∂
∂xi
+
∑
σ
uσi
∂
∂uσ
(7)
are the total derivatives restricted to E . Symmetries of E form a Lie algebra symE over R with respect to
the Jacobi bracket
{ϕ, ϕ¯} =
∑
σ
(
∂ϕ
∂uσ
Dσ(ϕ¯)−
∂ϕ¯
∂uσ
Dσ(ϕ)
)
. (8)
A solution u to Equation (5) is said to be invariant with respect to a symmetry ϕ ∈ symE if it enjoys the
equation
ϕ
(
x, . . . ,
∂|σ|u
∂xσ
, . . .
)
= 0. (9)
The reduction of E with respect to ϕ is Equation (5) rewritten in terms of first integrals of Equation (9).
2. The universal hierarchy equation
The equation is
uyy = uzuxy − uyuxz. (10)
2.1. Symmetries. The defining equation for symmetries for (10) is
D2y(ϕ) = uzDxDy(ϕ)− uyDxDz(ϕ) + uxyDz(ϕ) − uxzDy(ϕ). (11)
Its solutions are
ϕ1 = yuy + u,
ϕ2(X2) = X2ux −X
′
2u,
ϕ3(Z3) = Z3uz + Z
′
3yuy,
ϕ4(Z4) = Z4uy,
ϕ5(X5) = X5,
where Xi are functions of x, Zi are functions of z and ‘prime’ denotes the derivative with respect to the
corresponding variable. The commutator relations are given in Table 2
ϕ1 ϕ2(X¯2) ϕ3(Z¯3) ϕ4(Z¯4) ϕ5(X¯5)
ϕ1 0 0 0 ϕ4(Z¯4) −ϕ5(X¯5)
ϕ2(X2) . . . ϕ2(X¯2X
′
2 −X2X¯
′
2) 0 0 ϕ5(X¯5X
′
2 −X2X¯
′
5)
ϕ3(Z3) . . . . . . ϕ3(Y¯3Y
′
3 − Y3Y¯
′
3) ϕ4(Y¯4Y
′
3 − Y3Y¯
′
4) 0
ϕ4(Z4) . . . . . . 0 0 0
ϕ5(X5) . . . . . . . . . . . . 0
Table 2. Lie algebra structure of symE(10)
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2.2. Reductions. Thus, the general symmetry of Equation (10) is
ϕ = X2ux + (αy + Z
′
3y + Z4)uy + Z3uz + (α −X
′
2)u+X5,
where α ∈ R is a constant. Thus, invariant with respect to ϕ solutions are given by the system
dx
X2
=
dy
(α+ Z ′3)y + Z4
=
dz
Z3
= −
du
(α−X ′2)u+X5
. (12)
We consider the following basic cases below:
Case 00: X2 = 0, Z3 = 0;
Case 01: X2 = 0, Z3 6= 0;
Case 10: X2 6= 0, Z3 = 0;
Case 11: X2 6= 0, Z3 6= 0.
2.2.1. Case 00. System (12) takes the form
dx
0
=
dy
αy + Z4
=
dz
0
= −
du
αu+X5
.
Its integrals are
(αy + Z4)u+X5y = const, x = const, z = const
and the general solution is given by
Ψ((αy + Z)u+Xy, x, z) = 0,
where Z = Z4, X = X5. Hence,
u =
Φ(x, z)−Xy
αy + Z
. (13)
To simplify the subsequent exposition, we consider two subcases:
Subcase 00.0: α = 0;
Subcase 00.1: α 6= 0.
Subcase 00.0. After redenoting Φ 7→ Φ/Z, Z 6= 0, we have
u = Φ(x, z)−
Xy
Z
. (14)
Substituting to Equation (10), one obtains
1
Z
· (XΦxz −X
′Φz) = 0,
which leads to the following class of solutions
u =
{
Φ(x, z), if X = 0,
XP (z) +Q(x)− Xy
Z
, if X 6= 0.
Subcase 00.1. Making the change Φ 7→ Φ−XZ, one gets
u =
Φ
y + Z
−X.
Substituting to (10), one arrives to the equation
2Φ = ΦΦxz − ΦxΦz.
After the change Φ = eΨ we obtain the Liouville equation
Ψxz = 2e
−Ψ,
see, e.g. [3].
SYMMETRY REDUCTIONS AND EXACT SOLUTIONS 5
2.2.2. Case 01. Now we have
dx
0
=
dy
(α+ Z ′3)y + Z4
=
dz
Z3
= −
du
αu+X5
.
The integrals of the system are
u exp
(∫
αdz
Z3
)
+
∫
X5
Z3
exp
(∫
αdz
Z3
)
dz = const, x = const,
y exp
(
−
∫
α+ Z ′3
Z3
dz
)
−
∫
Z4
Z3
exp
(
−
∫
α+ Z ′3
Z3
dz
)
dz = const .
We introduce new functions
Z =
∫
dz
Z3
, Z¯ =
∫
Z4
Z3
exp
(
−
∫
α+ Z ′3
Z3
dz
)
dz, X = X5.
Note that Z ′ 6= 0, We and again distinguish two subcases:
Subcase 01.0: α = 0;
Subcase 01.1: α 6= 0.
Subcase 01.0. In this case, the system of integrals transforms to
u+XZ = const, x = const, yZ ′ − Z¯ = const,
and thus
Ψ(u+XZ, x, yZ ′ − Z¯) = 0 (15)
is the general solution. Consequently,
u = Φ(x, ξ)−XZ,
where ξ = yZ ′ − Z¯. Substituting the last expression to Equation (10), we obtain the equation
Φξξ = X
′Φξ −XΦxξ. (16)
When X = 0, we obtain the solutions
u = a1(yZ
′ − Z¯) + a0, ai = ai(x).
If X 6= 0 Equation (16) can also be solved and the general solution is
u = Φ
(
yZ ′ − Z¯ +
∫
dx
X
)
+ a(x),
where Φ is an arbitrary function in one argument.
Subcase 01.1. We can set α = 1 and the general solution is
Ψ((u+X)eZ , x, Z ′e−Zy − Z¯) = 0.
Hence, after the change Z 7→ lnZ, we have
u =
1
Z
Φ(x, ξ) −X, (17)
where ξ = Z ′y/Z2 − Z¯. Substituting (17) to Equation (10), one obtains
Φξξ = ΦxΦξ − ΦΦxξ.
2.2.3. Case 10. System (12) is now of the form
dx
X2
=
dy
αy + Z4
=
dz
0
= −
du
(α−X ′2)u+X5
.
Then the integrals are
u exp
(∫
α−X ′2
X2
dx
)
+
∫
X5
X2
exp
(∫
α−X ′2
X2
dx
)
dx = const,
y exp
(
−
∫
α dx
X2
)
−
∫
Z4
X2
exp
(
−
∫
α dx
X2
)
dx = const, z = const .
Let us introduce the notation∫
dx
X2
= X,
X5
X2
exp
(∫
α−X ′2
X2
dx
)
dx = X¯, Z4 = Z
and consider the subcases
Subcase 10.0: α = 0;
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Subcase 10.1: α 6= 0.
Subcase 10.0. In this case the general solution is given by
Ψ(X ′u+ X¯, y −XZ, z) = 0, X ′ 6= 0,
and thus
u =
1
X ′
Φ(ξ, z)− X¯,
where ξ = y −XZ. Substituting this expression to Equation (10), one obtains
(1 + ZΦz)Φξξ = ZΦξΦξz + Z
′Φ2ξ.
The equation can be solved explicitly. Indeed, dividing by Φ2ξ one obtains
Φξξ
Φ2ξ
− Z ′ = Z
ΦξΦξz − ΦzΦξξ
Φ2ξ
,
or
−
(
1
Φξ
)
ξ
− Z ′ = Z
(
Φz
Φξ
)
ξ
.
Hence,
−
1
Φξ
− Z ′ξ = Z
Φz
Φξ
+ ϕ,
where ϕ = ϕ(z) is an arbitrary function. Thus,
ZΦz + (Z
′ξ + ϕ)Φξ = −1
and
Φ = Υ(ξ − ϕ¯)−
∫
dz
Z
is the general solution, where ϕ¯ = Z
∫
ϕdz
Z2
.
Subcase 10.1. We may set α = 1 and then obtain the general solution in the form
Ψ
(
X ′ueX + X¯, e−X(y + Z), z
)
= 0,
or, after the change X 7→ lnX ,
u =
Φ(ξ, z)− X¯
X ′
, (18)
where ξ = (y + Z)/X . Substituting to (10), one has
(1 + ξΦz)Φξξ − ξΦξΦξz +ΦξΦz = 0.
2.2.4. Case 11. We have here
dx
X2
=
dy
(α+ Z ′3)y + Z4
=
dz
Z3
= −
du
(α−X ′2)u+X5
,
where X2 6= 0, Z3 6= 0. The integrals are
u exp
(∫
α−X ′2
X2
dx
)
+
∫
X5
X2
exp
(∫
α−X ′2
X2
dx
)
dx = const,
∫
dx
X2
−
∫
dx
Z3
= const,
y exp
(
−
∫
α+ Z ′3
Z3
dx
)
−
∫
Z4
Z3
exp
(
−
∫
α+ Z ′3
Z3
dx
)
dx = const .
As before, we introduce the notation∫
dx
X2
= X,
∫
X5
X2
exp
(∫
α−X ′2
X2
dx
)
dx = X¯,
∫
dx
Z3
= Z,
∫
Z4
Z3
exp
(
−
∫
α+ Z ′3
Z3
dx
)
dx = Z¯
and consider two subcases
Subcase 11.0: α = 0;
Subcase 11.1: α 6= 0.
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Subcase 11.0. The general solution is given by
Ψ(X ′u+ X¯, Z ′y − Z¯,X − Z) = 0
in this case and thus
u =
Φ(ξ, η)− X¯
X ′
, ξ = Z ′y − Z¯, η = X − Z.
After substituting to Equation (10), one has
Φξξ = ΦξΦηη − ΦηΦξη.
The equation can be linearized by the Legendre transformation, [12].
Subcase 11.1. Setting α = 1, we obtain the general solution
Ψ(X ′eXu+ X¯, Z ′e−Zy − Z¯,X − Z) = 0
and, after the change X 7→ lnX , Z 7→ − lnZ, one has
u =
Φ(ξ, η)− X¯
X ′
, ξ = Z ′y − Z¯, η = ln(XZ). (19)
Substituting (19) to (10), we obtain the equation
ΦηΦξη − ΦξΦηη = e
ηΦξξ.
3. The 3D rdDym equation
The equation is
uty = uxuxy − uyuxx. (20)
3.1. Symmetries. Symmetries of Equation (20) are defined by
DtDy(ϕ) = uxDxDy(ϕ) − uyD
2
x(ϕ) + uxyDx(ϕ)− uxxDy(ϕ). (21)
Solutions of (21) are
ϕ1 = xux − 2u,
ϕ2(T2) = T2ut + T
′
2(xux − u) +
1
2
T ′′2 x
2,
ϕ3(Y3) = Y3uy,
ϕ4(T4) = T4ux + T
′
4x,
ϕ5(T5) = T5,
where Yi = Yi(y), Ti = Ti(t) and ‘primes’ denote the derivatives. The commutator relations are given in
Table 3.
ϕ1 ϕ2(T¯2) ϕ3(Y¯3) ϕ4(T¯4) ϕ5(T¯5)
ϕ1 0 0 0 ϕ4(T¯4) 2ϕ5(T¯5)
ϕ2(T2) . . . ϕ2(T¯2X
′
2 − T2T¯
′
2) 0 ϕ4(T¯4T
′
2 − T2T¯
′
4) ϕ5(T¯5T
′
2 − T2T¯
′
5)
ϕ3(Y3) . . . . . . 0 0 0
ϕ4(T4) . . . . . . . . . ϕ5(T¯4T
′
4 − T4T¯
′
4) 0
ϕ5(T5) . . . . . . . . . . . . 0
Table 3. Lie algebra structure of symE(20)
3.2. Reductions. The general symmetry of Equation (20) is
ϕ = (αx+ T ′2x+ T4)ux + Y3uy + T2ut − (2α+ T
′
2)u+ T5 + T
′
4x+
1
2
T ′′2 x
2,
where α ∈ R is a constant. Consequently, ϕ-invariant solutions are defined by the system
dx
(α+ T ′2)x + T4
=
dy
Y3
=
dt
T2
=
du
(2α+ T ′2)u − T5 − T
′
4x−
1
2T
′′
2 x
2
. (22)
In what follows, we consider the following cases
Case 00: Y3 = 0, T2 = 0;
Case 01: Y3 = 0, T2 6= 0;
Case 10: Y3 6= 0, T2 = 0;
Case 11: Y3 6= 0, T2 6= 0.
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3.2.1. Case 00. Equation (29) takes the form
dx
αx + T4
=
dy
0
=
dt
0
=
du
2αu− T5 − T ′4x
.
As before, two subcase must be considered:
Subcase 00.0: α = 0;
Subcase 00.1: α 6= 0.
Subcase 00.0. Here we have
dx
T4
=
dy
0
=
dt
0
= −
du
T5 + T ′4x
and the general solution is given by
Ψ
(
u+
1
2
Tx2 + T¯ x, y, t
)
= 0,
or
u = Φ(y, t)−
1
2
Tx2 − T¯ x, (23)
where T = T ′4/T4, T¯ = T5/T4. Substituting (23) in Equation (19), we obtain
Φyt = TΦy.
The general solution is
Φ = ϕ(y)e
∫
T dt + ψ(t),
which leads to the following family of solutions to Equation (19):
u = ϕ(y)e
∫
T dt + ψ(t)−
1
2
Tx2 − T¯ x.
Subcase 00.1. Setting α = 1, we obtain
dx
x+ T4
=
dy
0
=
dt
0
=
du
2u− T5 − T ′4x
.
The general solution of this system is
u = (x+ T )2Φ(y, t) + T ′(x+ T ) + T¯ , (24)
where T = T4, T¯ = (T5 − T4T
′
4)/2. Substituting to (20), we obtain the equation
Φyt = 2ΦΦy.
Integrating over y, we come to the Riccati equation
Φt = Φ
2 + ϕ(t).
Thus, to any choice of ϕ there corresponds a family of solutions to Equation (20).
Examples. Let us consider some particular cases.
(1) If ϕ = 0 then
Φ =
1
ψ − t
.
Here and in all the examples below ψ is an arbitrary function of y.
(2) For ϕ = a2, a = const, one has
Φ = a tan
(
a(t+ ψ)
)
.
(3) If ϕ = −a2 then
Φ = a
1 + e2a(t+ψ)
1− e2a(t+2ψ)
(4) For ϕ = tκ one has
Φ =
−ψJ( 1
κ+2 ,
2t
1
2
κ+1
κ+2 ) + ψJ(
3+κ
κ+2 ,
2t
1
2
κ+1
κ+2 )t
1
2κ+1 − Y ( 1
κ+2 ,
2t
1
2
κ+1
κ+2 ) + Y (
3+κ
κ+2 , 2
t
1
2
κ+1
κ+2 )t
1
2κ+1
t
(
ψJ( 1
κ+2 ,
2t
1
2
κ+1
κ+2 ) + Y (
1
κ+2 ,
2t
1
2
κ+1)
κ+2 )
) ,
where
J(a, θ) =
∞∑
m=0
(−1)m
m! Γ(m+ a+ 1)
(
θ
2
)2m+a
,
Y (a, θ) =
J(a, θ) cos(aπ)− J(−a, θ)
sin(aπ)
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are Bessel functions of the first and second kinds, respectively.
(5) If ϕ = et, then
Φ =
(
ψY (1, 2e
t
2 )
ψY (0, 2e
t
2 ) + J(0, 2e
t
2 )
+
J(1, 2e
t
2 )
ψY (0, 2e
t
2 ) + J(0, 2e
t
2 )
)
e
t
2
(6) For ϕ = (1− t)/(1 + t) the solution is
Φ =
2ψEi(1,−2− 2t)t+ ψe2+2t + 2t
2ψ(1 + t) Ei(1,−2− 2t) + 2t+ ψe2+2t + 2
,
where
Ei(a, t) =
∫ ∞
1
e−θt dθ
θa
is the exponential integral function.
3.2.2. Case 01. We have
dx
(α+ T ′2)x + T4
=
dy
0
=
dt
T2
=
du
(2α+ T ′2)u − T5 − T
′
4x−
1
2T
′′
2 x
2
,
where T2 6= 0. Its integrals are
T ′xe−αT − T¯ = const, y = const,
T ′ue−2αT + T¯ +
(
αT¯ +
(
T¯
T ′
)′)
(T ′xe−αT − T¯ )−
1
2
T ′′
(T ′)2
(T ′xe−αT − T¯ )2 = const,
where
T =
∫
dt
T2
, T¯ =
∫ (
T4 · (T
′)2 · e−αT
)
dt,
T¯ =
∫ (
T5 · (T
′)2 · e−2αT + T ′4 · T · T
′ · e−αT +
1
2
T ′′2 · T¯
2
)
dt.
Then the general solution is
Ψ
(
T ′xe−αT − T¯ , y, T ′ue−2αT + T¯ +
(
αT¯ +
(
T¯
T ′
)′)
(T ′xe−αT − T¯ )
−
1
2
T ′′
(T ′)2
(T ′xe−αT − T¯ )2
)
= 0,
or
u =
(
Φ(ξ, y)− T¯ −
(
αT¯ +
(
T¯
T ′
)′)
ξ +
1
2
T ′′
(T ′)2
ξ2
)
e2αT
T ′
,
where
ξ = T ′xe−αT − T¯ .
Substituting to Equation (20), one obtains
(αξ + Φξ)Φξy − Φy(Φξξ + 2α) = 0. (25)
3.2.3. Case 10. The defining equations are
dx
αx + T4
=
dy
Y3
=
dt
0
=
du
2αu− T5 − T ′4x
, (26)
where Y3 6= 0. Below we consider the following subcases:
Subcase 10.00: α = 0, T4 = 0;
Subcase 10.01: α = 0, T4 6= 0;
Subcase 10.1: α 6= 0
and introduce Y = Y (y) such that 1/Y3 = Y
′.
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Subcase 10.00. In this case, T5 6= 0 and System (26) takes the form
dx
0
= Y ′ dy =
dt
0
= −
du
T5
.
Denote T5 = T . Then the integrals are
x = const, t = const, u+ Y T = const .
Then the general solution is given by
Ψ(u+ Y T, x, t) = 0,
or
u = Φ(x, t)− Y T.
Substituting to Equation (20), one obtains
−Y ′T ′ = Y ′TΦxx,
or, since Y ′ = 1/Y3 6= 0,
Φxx = −
T ′
T
.
This delivers us the following family of solutions:
u = −
T ′
2T
x2 + ϕ(t)x + ψ(t)− Y T.
Subcase 10.01. The defining equations are now
dx
T4
= Y ′ dy =
dt
0
= −
du
T5 + T ′4x
.
Let us introduce the notation T4 = T , T5/T4 = T¯ . Then the integrals are
x− Y T = const, t = const, u+
T ′
2T
x2 + T¯ x = const
and the general solution is
Ψ(u+
T ′
2T
x2 + T¯ x, x− Y T, t) = 0,
or
u = Φ(ξ, t)−
T ′
2T
x2 − T¯ x,
where ξ = x− Y T . Substituting to (20), we obtain the linear equation(
T ′
T
ξ + T¯
)
Φξξ +Φξt = 0.
The general solution of this equation is
Φ = ϕ(η)T + ψ(t), η =
ξ
T
−
∫
T¯
T
dt,
which gives the family of solutions to (20):
u = ϕ(η)T + ψ(t)−
T ′
2T
x2 − T¯ x, η =
ξ
T
−
∫
T¯
T
dt.
Subcase 10.1. We can assume α = 1 and the defining equations become
dx
x+ T4
= Y ′ dy =
dt
0
=
du
2u− T5 − T ′4x
.
The integrals of this system are
(x+ T )e−Y = const, t = const,
u− T¯
(x+ T )2
−
T ′
x+ T
= const,
where T = T4, T¯ = (T5 − T
′T )/2, and thus the general solution is
Ψ
(
u− T¯
(x+ T )2
−
T ′
x+ T
(x+ T ), e−Y , t
)
= 0,
or
u = (x+ T )2Φ(ξ, t) + T ′(x+ T ) + T¯ , ξ = (x+ T )e−Y .
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Substituting to (20), one obtains the equation
Φξt = 4ΦΦξ − ξΦ
2
ξ + 2ξΦΦξξ.
3.2.4. Case 11. Let us set Y ′ = 1/Y3 6= 0 and T
′ = 1/T2 6=. Then System (22) becomes
dx
(α+ T ′2)x+ T4
= Y ′ dy = T ′ dt =
du
(2α+ T ′2)u− T5 − T
′
4x−
1
2T
′′
2 x
2
.
The integrals are
T ′xe−αT − T¯ = const, Y − T = const,
T ′ue−2α + T¯ +
(
αT¯ +
(
T¯
T ′
)′)
(T ′xe−αT − T¯ )−
1
2
T ′′
(T ′)2
(T ′xe−αT − T¯ )2 = const,
where, as before,
T =
∫
dt
T2
, T¯ =
∫ (
T4 · (T
′)2 · e−αT
)
dt,
T¯ =
∫ (
T5 · (T
′)2 · e−2αT + T ′4 · T · T
′ · e−αT +
1
2
T ′′2 · T¯
2
)
dt.
Thus, the general solution is given by
Ψ
(
T ′xe−αT − T¯ , Y − T, T ′ue−2αT + T¯ +
(
αT¯ +
(
T¯
T ′
)′)
(T ′xe−αT − T¯ )
−
1
2
T ′′
(T ′)2
(T ′xe−αT − T¯ )2
)
= 0,
or
u =
(
Φ(ξ, η)− T¯ −
(
αT¯ +
(
T¯
T ′
)′)
ξ +
1
2
T ′′
(T ′)2
ξ2
)
e2αT
T ′
,
where
ξ = T ′xe−αT − T¯ , η = Y − T.
Substituting the last expression to Equation (20), one obtains
Φηη + (αξ +Φη)Φξη = Φη(2α+Φξξ).
4. The basic Veronese web equation
The equation is
uty = utuxy − uyutx. (27)
4.1. Symmetries. Symmetries of (27) are defined by
DtDy(ϕ) = utDxDy(ϕ)− uyDtDx(ϕ) + uxyDt(ϕ) − utxDy(ϕ), (28)
whose solutions are
ϕ1(T1) = T1ut,
ϕ2(X2) = X2ux −X
′
2u,
ϕ3(Y3) = Y3uy,
ϕ4(X4) = X4,
where Xi = Xi(x), Yi = Yi(y), and Ti = Ti(t). The commutator relations in symE(27) are given in Table 4.
ϕ1(T¯1) ϕ2(X¯2) ϕ3(Y¯3) ϕ4(X¯4)
ϕ1(T1) ϕ1(T¯1T
′
1 − T1T¯
′
1) 0 0 0
ϕ2(X2) . . . ϕ2(X¯2X
′
2 −X2X¯
′
2) 0 ϕ4(X¯4X
′
2 −X2X¯
′
4)
ϕ3(Y3) . . . . . . ϕ3(Y¯3Y
′
3 − Y3Y¯
′
3) 0
ϕ4(X4) . . . . . . . . . 0
Table 4. Lie algebra structure of symE(27)
12 H. BARAN, I.S. KRASIL′SHCHIK, O.I. MOROZOV, AND P. VOJCˇA´K
4.2. Reductions. The general symmetry of Equation (27) is
ϕ = X2ux + Y3uy + T1ut −X
′
2u+X4
and the corresponding invariant solutions must satisfy the system
dx
X2
=
dy
Y3
=
dt
T1
=
du
X ′2u−X4
. (29)
We consider below the following cases:
Case 100: X2 6= 0, Y3 = 0, Z4 = 0;
Case 010: X2 = 0, Y3 6= 0, Z4 = 0;
Case 001: X2 = 0, Y3 = 0, Z4 6= 0;
Case 011: X2 = 0, Y3 6= 0, Z4 6= 0;
Case 101: X2 6= 0, Y3 = 0, Z4 6= 0;
Case 110: X2 6= 0, Y3 6= 0, Z4 = 0;
Case 111: X2 6= 0, Y3 6= 0, Z4 6= 0;
and use the notation 1/X2 = X
′, 1/Y3 = Y
′, 1/Z4 = Z
′ when it is well defined.
4.2.1. Case 100. The defining equation is
dx
X2
=
dy
0
=
dt
0
=
du
X ′2u−X4
.
The integrals are
Xu− X¯ = const, y = const, t = const,
and thus
Ψ(Xu− X¯, y, t) = 0
is the general solution, where X¯ =
∫
X4X
′ dx. Consequently,
u =
Φ(y, t) + X¯
X
.
Substituting to (27), one obtains
Φyt = 0.
Hence, Φ = ϕ(y) + ψ(t) and
u =
ϕ(y) + ψ(t) + X¯
X
is a family of solutions to (27).
4.2.2. Case 010. The defining equation is
dx
0
=
dy
Y3
=
dt
0
= −
du
X4
.
The integrals are
u+ X¯Y = const, x = const, t = const,
where X¯ = X4. Then
Ψ(u+ X¯Y, x, t) = 0
is the general solution and
u = Φ(x, t)− X¯Y.
Substituting to (27), one obtains Y ′(X¯Φxt − X¯
′Φt) = 0 and since Y
′ 6= 0,
X¯Φxt − X¯
′Φt = 0.
Thus, if X¯ = 0 we obtain the obvious family of solutions
u = Φ(x, t).
If X¯ 6= 0 the corresponding family of solutions is
u = X¯ϕ(t) + ψ(x) − X¯Y.
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4.2.3. Case 001. The defining equation is
dx
0
=
dy
0
=
dt
T1
= −
du
X4
.
Then, again denoting X¯ = X4, we get the integrals
u+ X¯T = const, x = const, y = const
and the general solution in the form
Ψ(u+ X¯T, x, y) = 0,
or
u = Φ(x, y)− X¯T.
Substituting to (27), one obtains
X¯Φxy − X¯
′Φy = 0,
since T ′ 6= 0. Then in the case X¯ = 0 we get the family of solutions
u = Φ(x, y)
and when X¯ 6= 0 the family
u = X¯ϕ(y) + ψ(x)− X¯T.
4.2.4. Case 011. The defining equation is
dx
0
=
dy
Y3
=
dt
T1
= −
du
X4
.
Its integrals are
x = const, Y − T = const, u+ X¯Y = const
and the general solution is
Ψ(u+ X¯Y, x, Y − T ) = 0,
or
u = Φ(x, ξ)− X¯Y, ξ = Y − T.
Substituting to Equation (27), one obtains
Φξξ = X¯Φxξ − X¯
′Φξ.
If X¯ = 0 then
u = ϕ(x) + ψ(Y − T )− X¯Y.
In the case X¯ 6= 0 the corresponding family is
u = X¯ϕ
(
Y − T +
∫
dx
X¯
)
+ ψ(x)− X¯Y.
4.2.5. Case 101. The defining equation is
dx
X2
=
dy
0
=
dt
T1
=
du
X ′2u−X4
.
The integrals of this system are
X ′u+ X¯ = const, X − T = const, y = const,
where X¯ =
∫
(X ′)2X4 dx and the general solution is given by
Ψ(X ′u− X¯,X − T, y) = 0,
or
u =
Φ(y, ξ) + X¯
X ′
, ξ = X − T.
After substitution to Equation (27) one obtains
(1 + Φξ)Φyξ = ΦyΦξξ.
The general solution to this equation is
Ψ = Υ (ξ + ψ(y))− ξ
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and thus we get the family
u =
Υ
(
X − T + ψ(y)
)
−X + T + X¯
X ′
to Equation (27).
4.2.6. Case 110. The defining equation is
dx
X2
=
dy
Y3
=
dt
0
=
du
X ′2u−X4
.
The integrals of this system are
X ′u− X¯ = const, X − Y = const, y = const,
where X¯ =
∫
(X ′)2X4 dx and the general solution is given by
Ψ(X ′u+ X¯,X − Y, y) = 0,
or
u =
Φ(y, ξ) + X¯
X ′
, ξ = X − Y.
Substitution to Equation (27) leads to
(1 + Φξ)Φtξ = ΦtΦξξ.
Similar to the previous case, we solve this equation and obtain the following family of solutions to Equa-
tion (27):
u =
Υ
(
X − Y + ψ(t)
)
−X + Y + X¯
X ′
.
4.2.7. Case 111. The defining equation is
dx
X2
=
dy
Y3
=
dt
T1
=
du
X ′2u−X4
.
The integrals are
X ′u− X¯ = const, X − Y = const, X − T = const,
where, as before X¯ =
∫
(X ′)2X4 dx. This delivers the general solution
Ψ(X ′u− X¯,X − Y,X − T ) = 0,
i.e.,
u =
Φ(ξ, η) + X¯
X ′
, ξ = X − Y, η = X − T.
Substituting to (27), we obtain the equation
ΦηΦξξ + (Φη − Φξ − 1)Φξη − ΦξΦηη = 0. (30)
The equation linearizes by the Legendre transformation, [12].
5. Pavlov’s equation
The equation is
uyy = utx + uyuxx − uxuxy. (31)
5.1. Symmetries. The defining equation for symmetries of (31) is
D2y(ϕ) = DtDx(ϕ) + uyD
2
x(ϕ) − uxDxDy(ϕ) + uxxDy(ϕ) − uxyDx(ϕ). (32)
Its solutions are
ϕ1 = 2x− yux,
ϕ2 = 3u− 2xux − yuy,
ϕ3(T3) = T3ut + T
′
3(xux + yuy − u) +
1
2
T ′′3 (y
2ux − 2xy)−
1
6
T ′′′3 y
3,
ϕ4(T4) = T4ux − T
′
4y,
ϕ5(T5) = T5uy + T
′
5(yux − x)−
1
2
T ′′5 y
2,
ϕ6(T6) = T6,
where Ti are functions of t. The Lie algebra structure in symE(31) is given in Table 5.
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ϕ1 ϕ2 ϕ3(T¯3) ϕ4(T¯4) ϕ5(T¯5) ϕ6(T¯6)
ϕ1 0 ϕ1 0 2ϕ6(T¯4) −2ϕ4(T¯5) 0
ϕ2 . . . 0 0 −2ϕ4(T¯4) −ϕ5(T¯5) −3ϕ6(T¯6)
ϕ3(T3) . . . . . . ϕ3(T¯3T
′
3 − T3T¯
′
3) ϕ4(T¯4T
′
3 − T3T¯
′
4) ϕ5(T¯5T
′
3 − T3T¯
′
5) ϕ6(T¯6T3 − T3T¯
′
6)
ϕ4(T4) . . . . . . . . . 0 ϕ6(T¯5T
′
4 − T4T¯
′
5) 0
ϕ5(T5) . . . . . . . . . . . . ϕ4(T¯5T
′
5 − T5T¯
′
5) 0
ϕ6(T6) . . . . . . . . . . . . . . . 0
Table 5. Lie algebra structure of symE(31)
5.2. Reductions. The general symmetry of Equation (31) is
ϕ =
(
−αy − 2βx+ T ′3x+
1
2
T ′′3 y
2 + T4 + T
′
5y
)
ux + (−βy + T
′
3y + T5)uy + T3ut
+ (3β − T ′3)u+ 2αx− T
′′
3 xy −
1
6
T ′′′3 y
3 − T ′5x−
1
2
T ′′5 y
2 + T6 − T
′
4y,
where α, β ∈ R are constants. Then the ϕ-invariant solutions are determined by the system
dx
(T ′3 − 2β)x+ (T
′
5 − α)y +
1
2T
′′
3 y
2 + T4
=
dy
(T ′3 − β)y + T5
=
dt
T3
=
du
(T ′3 − 3β)u+ (T
′
5 − 2α)x+ T
′
4y + T
′′
3 xy +
1
2T
′′
5 y
2 + 16T
′′′
3 y
3 − T6
. (33)
We consider the following tree of options:
E(31)
//

Case 0
T3 = 0
//

β = 0 //

T5 = 0

// α = 0

Case 1:
T3 6= 0
Subcase 01:
β 6= 0
Subcase 001:
T5 6= 0
Subcase 0001:
α 6= 0
Subcase 00001:
T4 6= 0
5.2.1. Case 0. The defining equations are
dx
−2βx+ (T ′5 − α)y + T4
=
dy
−βy + T5
=
dt
0
=
du
−3βu+ (T ′5 − 2α)x + T
′
4y +
1
2T
′′
5 y
2 − T6
.
Due to the above picture, consider the following subcases:
Subcase 00001: β = 0, T5 = 0, α = 0, T4 6= 0;
Subcase 0001: β = 0, T5 = 0, α 6= 0;
Subcase 001: β = 0, T5 6= 0;
Subcase 01: β 6= 0.
Subcase 00001. The defining equations are
dx
T4
=
dy
0
=
dt
0
=
du
T ′4y − T6
.
Then the integrals are
u− (Ty − T¯ )x = const, y = const, t = const,
where T = T ′4/T4, T¯ = T6/T4. Thus,
Ψ(u− (Ty − T¯ )x, y, t) = 0
is the general solution and
u = Φ(y, t) + (Ty − T¯ )x.
Substituting to Equation (31), one obtains
Φyy = (T
′ − T 2)y + T T¯ − T¯ ′,
which gives the family
u =
1
6
(T ′ − T 2)y3 +
1
2
(T T¯ − T¯ ′)y2 + ϕ(t)y + ψ(t) + (Ty − T¯ )x.
of exact solutions to (31).
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Subcase 0001. We may assume α = −1 and the defining equations become
dx
y + T4
=
dy
0
=
dt
0
=
du
2x+ T ′4y − T6
.
Then the integrals are
(y + T4)u− x
2 − (T ′4y − T6)x = const, y = const, t = const .
Consequently, the general solution is given by
Ψ
(
(y + T4)u− x
2 − (T ′4y − T6)x, y, t
)
= 0
and thus
u =
Φ(y, t) + x2 + (T ′4y − T6)x
y + T4
, (34)
or
u = Φ(y, t) + T ′x+
x2 − T¯ x
y + T
,
where T = T4, T¯ = T4T
′
4 + T6. After substituting to (31), we obtain the equation
Φyy =
2Φy
y + T
+ T ′′ −
T¯ ′
y + T
+
T¯ 2
(y + T )3
.
Solving this equation, we obtain the following family of solutions to Equation (31):
u = ϕ(t)(y + T )3 −
1
2
T ′′(y + T )2 +
1
2
T¯ ′(y + T ) +
2x2 − 2T¯ x+ T¯ 2
y + T
+ T ′x+ ψ(t).
Subcase 001. The defining equations are
dx
(T ′5 − α)y + T4
=
dy
T5
=
dt
0
=
du
(T ′5 − 2α)x+ T
′
4y +
1
2T
′′
5 y
2 − T6
.
Let us introduce the notation T = 1/T5, T¯ = T4/T5, T¯ = T6/T5. Then the integrals acquire the form
t = const, x+
1
2
(
T ′
T
+ αT
)
y2 − T¯ y = const,
u+
(
1
6
T ′′
T
+ αT ′ +
2
3
α2T 2
)
y3 −
1
2
(
T¯ ′ + 2αT T¯
)
y2 +
((
T ′
T
+ 2αT
)
x+ T¯
)
y = const .
Hence, the general solution is
Ψ
(
u+
(
1
6
T ′′
T
+ αT ′ +
2
3
α2T 2
)
y3 −
1
2
(
T¯ ′ + 2αT T¯
)
y2 +
((
T ′
T
+ 2αT
)
x+ T¯
)
y,
x+
1
2
(
T ′
T
+ αT
)
y2 − T¯ y, t
)
= 0,
or
u = Φ(ξ, t)−
(
1
6
T ′′
T
+ αT ′ +
2
3
α2T 2
)
y3 +
1
2
(
T¯ ′ + 2αT T¯
)
y2 −
((
T ′
T
+ 2αT
)
x+ T¯
)
y,
where
ξ = x+
1
2
(
T ′
T
+ αT
)
y2 − T¯ y. (35)
Substituting to Equation (31), one obtains((
T ′
T
+ 2αT
)
ξ + T¯ 2 + T¯
)
Φξξ − Φξt − αTΦξ + T¯
′ + 2αT T¯ = 0.
Of course, the equation can be solved explicitly, but the final result is too cumbersome: it is easily shown
that
Φξ =
(
Z¯
(
ξe
∫
a dt −
∫
be
∫
a dt dt
)
+
∫
ceα
∫
T dt dt
)
e−α
∫
T dt,
where Z¯ is an arbitrary function in one variable and
a =
T ′
T
+ 2αT, b = T¯ 2 + T¯ , c = T¯ ′ + 2αT T¯ .
Thus,
Φ = Z
(
ξe
∫
a dt −
∫
be
∫
a dt dt
)
e−2α
∫
T dt +
(∫
ceα
∫
T dt dt
)
ξe−α
∫
T dt + ϕ(t),
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and the corresponding family of solutions is
u = Z
(
ξe
∫
a dt −
∫
be
∫
a dt dt
)
e−2α
∫
T dt +
(∫
ceα
∫
T dt dt
)
ξe−α
∫
T dt + ϕ(t)
−
(
1
6
T ′′
T
+ αT ′ +
2
3
α2T 2
)
y3 +
1
2
(
T¯ ′ + 2αT T¯
)
y2 −
((
T ′
T
+ 2αT
)
x+ T¯
)
y
with ξ given by (35).
Subcase 01. Since β 6= 0, we can set β = −1 and the defining equations become
dx
2x+ (T ′5 − α)y + T4
=
dy
y + T5
=
dt
0
=
du
3u+ (T ′5 − 2α)x+ T
′
4y +
1
2T
′′
5 y
2 − T6
. (36)
Let us introduce the notation T = T5, T¯ = T4 − T5(T
′
5 − α). Then the integrals of (36) are
t = const,
x+ 12 T¯
(y + T )2
+
T ′ − α
y + T
= const
u+ (x+ 12 T¯ )(T
′ − 2α) + 13 T¯
(y + T )3
+
(T ′ − α)2 + 12 T¯
′
(y + T )2
+
1
2
T ′′
y + T
= const,
where
T¯ = −
1
2
(T ′ − 2α)T¯ −
(
T¯ ′ + T ′(T ′ − α) + TT ′′
)
T +
1
2
T 2T ′′ − T6.
Consequently, the general solution is
Ψ
(
u+ (x+ 12 T¯ )(T
′ − 2α) + 13 T¯
(y + T )3
+
(T ′ − α)2 + 12 T¯
′
(y + T )2
+
1
2
T ′′
y + T
,
x+ 12 T¯
(y + T )2
+
T ′ − α
y + T
, t
)
= 0,
or
u = (y + T )3Φ(ξ, t)−
1
2
T ′′(y + T )2 −
(
(T ′ − α)2 +
1
2
T¯ ′
)
(y + T )− (T ′ − 2α)
(
x+
1
2
T¯
)
−
1
3
T¯ ,
where
ξ =
x+ 12 T¯
(y + T )2
+
T ′ − α
y + T
.
Substituting to Equation (31), one obtains
(4ξ2 − 3Φ)Φξξ − Φξt − 6ξΦξ +Φ
2
ξ + 6Φ = 0.
5.2.2. Case 1. The defining equation is now
dx
(T ′3 − 2β)x+ (T
′
5 − α)y +
1
2T
′′
3 y
2 + T4
=
dy
(T ′3 − β)y + T5
=
dt
T3
=
du
(T ′3 − 3β)u+ (T
′
5 − 2α)x+ T
′
4y + T
′′
3 xy +
1
2T
′′
5 y
2 + 16T
′′′
3 y
3 − T6
and since T3 6= 0 we may set T
′ = 1/T3. The integrals are
T ′yeβT − T¯ = const,
T ′xe2βT +
1
2
T ′3ξ
2 −
((
T¯
T ′
)′
− βT¯ ′ − αk(β)
)
ξ − T¯ = const,
T ′ue3βT − T00 − T10ξ − T01η − T20ξ
2 − T11ξη − T30ξ
3 = const,
where
ξ = T ′yeβT − T¯ ,
η = T ′xe2βT +
1
2
T ′3ξ
2 −
((
T¯
T ′
)′
− βT¯ ′ − αk(β)
)
ξ − T¯ ,
T¯ =
∫
T5(T
′)2eβT dt,
T¯ =
∫ (
T4(T
′)2e2βT + (T ′5 − α)T¯ T
′eβT +
1
2
T ′′3 (T¯ )
2
)
dt,
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T00 =
∫ (
T ′′3 T¯ T¯ +
T ′′′3 T¯
3
6T ′
+
(
T ′4T¯ T
′ + (T ′5 − 2α)T
′ +
1
2T ′′5 (T¯ )
2
)
eβT − T6(T
′)2e3βT
)
dt,
T10 =
∫ (
T ′′′3 (T¯ )
2
2T ′
+ T ′′3
(
T¯ + T¯
((
T¯
T ′
)′
− αk(β) − βT¯
))
+
(
T ′′5 T¯ + (T
′
5 − 2α)
((
T¯
T ′
)′
− αk(β) − βT¯
))
eβT + T ′4T
′e2βT
)
dt,
T01 =
∫ (
T ′′′3 T¯ + (T
′
5 − 2α)T
′eβT
)
dt,
T20 =
∫ (
T ′′3
(
T¯
2T ′
+
(
T¯
T ′
)′
− αk(β)− βT¯ −
1
2
T ′3T¯
)
+
1
2
(T ′′5 − (T
′
5 − 2α)T
′) eβT
)
dt,
T11 =
∫
T ′′3 dt = T
′
3,
T30 =
∫ (
T ′′′3
6T ′
−
1
2
T ′′3 T
′
3
)
dt =
1
6
T ′′3 T3 −
1
3
(T ′3)
2,
and
k(β) =
∫
T ′eβT dt =


eβT
β
, β 6= 0,
T, β = 0.
Thus, the general solution is
u =
(
Φ(ξ, η) + T00 + T10ξ + T01η + T20ξ
2 + T11ξη + T30ξ
3
T ′
)
e3βT . (37)
Substituting (37) to Equation (31), one obtains
Φξξ = (βξ − Φη) Φξη + (2βη + ακ +Φξ)Φηη − βΦκ − 2ακ,
where
κ = eβT − βk(β),
i.e.,
κ =
{
0, β 6= 0,
ξ, β = 0.
Thus, the reductions are
Φξξ = (βξ − Φη)Φξη + (2βη +Φξ)Φηη − βΦη = 0
for β 6= 0 and
Φξξ = (αξ +Φξ)Φηη − ΦηΦξη − 2α (38)
for β = 0. Note that in the case α 6= 0 Equation (38) transforms to the Gibbons-Tsarev equation (see [8])
Φξξ = ΦξΦηη − ΦηΦξη − α
by Φ 7→ Φ− αξ2/2.
6. Summary of results
Below, a concise exposition of the obtained results is given2 in Table 6 on p. 19.
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SYMMETRY REDUCTIONS AND EXACT SOLUTIONS 19
Eqn dim(symE ) Reductions Comments
(10) 1 +∞2·x +∞2·z XΦxz −X
′Φz = 0 Solves explicitly
2Φ = ΦΦxz − ΦxΦz Transforms
to the Liouville equation
Φξξ = X
′Φξ −XΦxξ Solves explicitly
Φξξ = ΦxΦξ − ΦΦxξ
(1 + ZΦz)Φξξ = ZΦξΦξz + Z
′Φ2ξ Solves explicitly
(1 + ξΦz)Φξξ − ξΦξΦξz +ΦξΦz = 0
Φξξ = ΦξΦηη − ΦηΦξη Linearizes by the
Legendre transformation
ΦηΦξη − ΦξΦηη = e
ηΦξξ
(20) 1 +∞1·y +∞3·t Φyt = TΦy Solves explicitly
Φyt = 2ΦΦy Reduces
to the Riccati equation
(αξ +Φξ)Φξy − Φy(Φξξ + 2α) = 0 Solves explicitly for α = 0
TΦxx = T
′ Solves explicitly(
T ′
T
ξ + T¯
)
Φξξ +Φξt = 0 Solves explicitly
Φξt = 4ΦΦξ − ξΦ
2
ξ + 2ξΦΦξξ
Φηη + (αξ +Φη)Φξη = Φη(2α+Φξξ) Linearizes by the
for α = 0
(27) ∞2·x +∞1·y +∞1·t Φyt = 0 Solves explicitly
X¯Φxt − X¯
′Φt = 0 Solves explicitly
X¯Φxy − X¯
′Φy = 0 Solves explicitly
Φξξ = X¯Φxξ − X¯
′Φξ Solves explicitly
(1 + Φξ)Φyξ = ΦyΦξξ Solves explicitly
(1 + Φξ)Φtξ = ΦtΦξξ Solves explicitly
ΦηΦξξ + (Φη − Φξ − 1)Φξη − ΦξΦηη = 0 Linearizes by the
Legendre transformation
(31) 2 +∞4·t Φyy = (T
′ − T 2)y + T T¯ − T¯ ′ Solves explicitly
Φyy =
2Φy−T
′
y+T + T
′′ + T¯
2
(y+T )3 Solves explicitly((
T ′
T
+ 2αT
)
ξ + T¯ 2 + T¯
)
Φξξ Solves explicitly
−Φξt − αTΦξ + T¯
′ + 2αT T¯ = 0
(4ξ2 − 3Φ)Φξξ − Φξt − 6ξΦξ + Φ
2
ξ + 6Φ = 0
Φξξ = (βξ − Φη)Φξη + (2βη +Φξ)Φηη − βΦη = 0 Linearizes by the
Legendre transformation
for β = 0
Φξξ = (αξ +Φξ)Φηη − ΦηΦξη − 2α Reduces to the
Gibbons-Tsarev equation,
for α 6= 0
Linearizes by the
Legendre transformation
for α = 0
Table 6. Summary of reductions
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